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SOME RESULTS ON THE LOCAL COHOMOLOGY MODULES WITH RESPECT
TO A PAIR OF IDEALS
M. AGHAPOURNAHR1, KH. AHMADI-AMOLI2, AND M. Y. SADEGHI3
Abstract. Some affirmative answers are given to Huneke,s problems. Membership of Hom
(
R/I,
HiI(M)
)
in an arbitrary Serre class and so finiteness of Ass
(
HiI(M)
)
are shown. Let HiI,J (M) = 0 for all
i < t and a ∈ W˜ (I, J). It is shown that Hia(M) ⊆ H
i
I,J (M) for all i ≤ t, and so H
i
a(M) = 0 for all i < t.
Also, it is proved that if M and Hia(M) are finite for all i < t, then for any ideal a ∈ W˜ (I, J) such that
a ⊆
√
(0 : HtI,J (M)), the R-module H
t
a(M) is finite. The calculation of local cohomology modules with
respect to an arbitrary pair of ideals I, J can be reduced to calculation of local cohomology modules
with respect to a pair of ideals whose first ideal is generated by any k-regular sequence in I.
1. Introduction
Let R be a commutative Noetherian ring, I, J be two ideals of R, t ∈ N0, andM be an R-module. The
concept of local cohomology modules with respect to a pair of ideals introduced by Takahashi, Yoshino,
and Yoshizawa [17] as a generalization of local cohomology modules on an ideal (the ordinary ones). As
Huneke gave in [12] a survey of some important problems on finiteness, vanishing and Artinianness of
local cohomology modules, comparing these two kinds of local cohomology modules is important.
It is known that the finiteness of AssHom
(
R/I,HiI(M)
)
is one of the sufficient conditions for finiteness
of Ass
(
HiI(M)
)
([9], Exercise 1.2.27). Also, if Hom
(
R/I,HiI(M)
)
is finite, Artinian, or minimax, then
Ass
(
HiI(M)
)
is finite. Since the classes of finite, Artinian, and minimax modules are Serre classes, the
membership of Hom
(
R/I,HiI(M)
)
in a Serre class S is always useful.
In Section 2, we give some further contributions to verify the membership of Hom
(
R/I,HtI(M)
)
in an
arbitrary Serre class S (see for example Proposition 2.1 and Corollary 2.3). As an important result of
this section, we give an affirmative answer to Huneke,s problem about finiteness of associated primes of
local cohomology modules and also a generalization of [8, Exercise 7.1.4 and Theorem 7.1.3].
In Section 3, we show that vanishing of local cohomology modules with respect to a pair of ideals
affects the vanishing of local cohomology modules on an ideal. In fact, if HiI,J(M) = 0 for all i < t,
then Hia(M) ⊆ H
i
I,J(M) for all a ∈ W˜ (I, J) and all i ≤ t (specially for a = I) and so H
i
a(M) = 0 for
all a ∈ W˜ (I, J) and all i < t (see Theorem 3.4). In this situation, if a ∈ W˜ (I, J) be an ideal such that
a ⊆
√
(0 : HtI,J(M)), then H
t
a(M) is finite (see Corollary 3.7). Huneke
,s second problem is about the
finiteness of local cohomology modules. It is known that if a is an ideal of R and M is a finite R-module,
a necessary and sufficient condition for the finiteness of Hia(M) for all i < t is a ⊆
√
(0 : Hia(M)) for all
i < t (see [8, Proposition 9.1.2]. In Corollary 3.13, we show that if M and HiI,J(M) are finite for all
i < t, then for an ideal a ∈ W˜ (I, J) a sufficient condition for the finiteness of Hta(M) is that a satisfies
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the condition a ⊆
√
(0 : Hta(M)). In [14, Lemma 3.4], Nagel and Schenzel showed that for a finite module
M over the local ring (R,m) and any positive integer r, Him(M)
∼= Hia(M) for all i < r, where a is the
ideal generated by anM -filter regular sequence a1, a2, ..., ar. As the last theorem of this note, we present
a generalization of this theorem in a noetherian ring (not necessary local) for local cohomology modules
with respect to a pair of ideals, by using the concept of k-regular sequences [5] (see Theorem 3.14).
2. Finiteness And Artinianness
In this section, we study the membership of HomR
(
R/a,HtI,J(M)
)
in an arbitrary Serre class S and
Artinianness of Hia(M) for an ideal a of R. Recall that a class S of R-modules is a Serre subcategory of R-
modules, if it is closed under taking submodules, quotients and extensions. By Mod(R) and S, we mean
the category of R-modules and R-homomorphisms and an arbitrary Serre subcategory of R-modules,
respectively.
Proposition 2.1. Let a ∈ W˜ (I, J) and let G : Mod(R)→ Mod(R) be a left exact covariant functor such
that
(
0 :X a
)
=
(
0 :G(X) a
)
for any R-module X and G(E) be an injective R-module for any injective
R-module E. Consider the natural homomorphism
ψ : ExttR
(
R/a,M
)
−→ HomR
(
R/a,Gt(M)
)
.
(i) If Extt−jR
(
R/a,Gj(M)
)
∈ S for all j < t, then Ker ψ ∈ S.
(ii) If Extt+1−jR
(
R/a,Gj(M)
)
∈ S for all j < t, then Coker ψ ∈ S.
(iii) If Extn−jR
(
R/a,Gj(M)
)
∈ S for n = t, t+ 1 and all j < t, then Ker ψ and Coker ψ both belong
to S. Thus ExttR
(
R/a,M
)
∈ S iff HomR
(
R/a,Gt(M)
)
∈ S.
Proof. Let F(−) = HomR
(
R/a,−
)
. Then for any R-module X we have, FG(X) = F(X). Now, the
assertion follows from [2, Proposition 3.1]. 
From the following proposition which is obtained by definitions, we get a result about membership of
Hom
(
R/a,HjI,J(M)
)
in S followed by some corollaries.
Proposition 2.2. Let a ∈ W˜ (I, J) and X be an R-module. Then
(
0 :X a
)
=
(
0 :Γa(X) a
)
=
(
0 :Γa,J (X) a
)
=
(
0 :ΓI,J (X) a
)
.
In particular, for any ideal b that contains In for some n we have
(i)
(
0 :X b
)
=
(
0 :Γb(X) b
)
=
(
0 :Γb,J (X) b
)
=
(
0 :ΓI,J (X) b
)
=
(
0 :ΓI(X) b
)
,
(ii)
(
0 :X b
)
=
(
0 :Γb,J(X) b
)
⊆
(
0 :Γb,J(X) I
m
)
⊆
(
0 :ΓI,J (X) I
m
)
=
(
0 :X I
m
)
for some m ∈ N0.
Corollary 2.3. Let a ∈ W˜ (I, J) be such that ExttR
(
R/a,M
)
, Extn−jR
(
R/a,HjI,J(M)
)
∈ S for n = t, t+1
and all j < t, then HomR
(
R/a,HtI,J(M)
)
∈ S.
Proof. Let G(−) = ΓI,J(−) and use Propositions 2.1 and 2.2. 
Using various Serre subcategories of R-modules in Propositions 2.1 and 2.2, we can obtain the following
results.
Corollary 2.4. Let a ∈ W˜ (I, J) be such that Extn−jR
(
R/a,HjI,J(M)
)
= 0 for n = t, t+ 1 and all j < t,
then ExttR
(
R/a,M
)
∼= HomR
(
R/a,HtI,J(M)
)
.
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Corollary 2.5. Let a ∈ W˜ (I, J) be such that Extn−jR
(
R/a,HjI,J(M)
)
is finite for n = t, t + 1 and all
j < t, then ExttR
(
R/a,M
)
is finite if and only if HomR
(
R/a,HtI,J(M)
)
is finite. In particular, if M is
finite, then HomR
(
R/a,HtI,J(M)
)
is finite.
Corollary 2.6. Let a ∈ W˜ (I, J) be such that Extn−jR
(
R/a,HjI,J(M)
)
is Artinian for n = t, t + 1 and
all j < t, then ExttR
(
R/a,M
)
is Artinian if and only if HomR
(
R/a,HtI,J(M)
)
is Artinian.
3. Vanishing and Anihilator of local cohomology modules
In this section we compare vanishing of local cohomology modules with respect to a pair of ideals with
the vanishing of local cohomology modules with respect to an ideal. We begin with the following remark.
Remark 3.1. Let
(
Λ,≤
)
be a (non-empty) directed partially ordered set. By an inverse family of
ideals of R over Λ, we mean a family
(
bα
)
α∈Λ
of ideals of R such that, whenever (α, β) ∈ Λ × Λ with
α ≥ β, we have bα ⊆ bβ. For the inverse family of ideals B =
(
bα
)
α∈Λ
, we shall denote HiB(M) :=
lim
−→α∈Λ
ExtiR
(
R/bα,M
)
, for all i ∈ N0 (see [8, 1.2.10, 1.2.11, and 2.1.10]).
Proposition 3.2. Let B =
(
bα
)
α∈Λ
be an inverse family of elements of W˜ (I, J) over Λ. Let
Extn−jR
(
R/bα,H
j
I,J(M)
)
= 0 for any bα ∈ B, n = t, t+ 1, and for all j < t. Then H
t
B(M) ⊆ H
t
I,J (M).
Proof. By Propositions 2.1 and 2.2, for S = 0 and G(−) = ΓI,J(−), we have Ext
t
R
(
R/bα,M
)
∼=
HomR
(
R/bα,H
t
I,J(M)
)
for any bα ∈ B. Then, by [8, Theorem 1.2.11 and Remarks 1.3.7], we get
HtB(M)
∼= ΓB(H
t
I,J(M)) ⊆ H
t
I,J(M), as required. 
Corollary 3.3. Let HiI,J(M) = 0 for all i < t. Then H
i
b(M) ⊆ H
i
I,J(M) for any b ∈ W˜ (I, J) and all
i ≤ t, and so Hib(M) = 0 for all i < t. In particular, when J = 0.
Proof. Apply Proposition 3.2 to B = {bn}n≥1 . 
The next theorem is the other main theorem in this section which is used in some results of this
paper. Recall that an R-module M is said to be ZD-module, if for every submodule N of M , the set of
zero-divisors of M/N is a union of finitely many prime ideals in Ass(M/N), (see [11, 10]).
Theorem 3.4. Let HiI,J(M) = 0 for all i < t. Then the following statements hold for any a ∈ W˜ (I, J).
(i) ExttR
(
R/a,M
)
∼= HomR
(
R/a,Hta(M)
)
∼= HomR
(
R/a,Hta,J(M)
)
∼= HomR
(
R/a,HtI,J(M)
)
.
(ii) Γa
(
Hta(M)
)
∼= Hta(M) ∼= Γa
(
Hta,J(M)
)
∼= Γa
(
HtI,J(M)
)
.
(iii) Hia(M) ⊆ H
i
a,J(M) ⊆ H
i
I,J(M) for all i ≤ t.
(iv) Hia,J(M) = H
i
a(M) = 0 for all i < t.
(v) Ass
(
Hia(M)
)
= Ass
(
Hia,J(M)
)
∩ V(a)
= Ass
(
HiI,J(M)
)
∩ V(a) for all i ≤ t.
(vi) If a 6= 0 and M is a ZD-module, then there exists a regular M -sequence of length t contained in
a.
Proof. (i) Let G1(−) = Γa(−) , G2(−) = Γa,J(−), G3(−) = ΓI,J(−), and S = 0. Now, the assertion
follows from Propositions 2.1 and 2.2 and (iv).
(ii) Since a ∈ W˜ (I, J) implies that an ∈ W˜ (I, J) for any n ∈ N, the result follows from (i).
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(iii), (iv) Apply Corollary 3.3 and [17, Theorem 3.2].
(v) It is obvious by part (i) and [9, Exercise 1.2.27].
(vi) First note that Hia(M) = 0 for all i < t, by (vi). By induction on t, we construct a regular
M -sequence x1, x2, · · · , xt such that xj ∈ a for j = 1, 2, · · · , t. When t = 0, there is nothing to prove. Let
t = 1. Then Γa(M) = 0. Since M is ZD-module and a-torsion free, by the prime Avoidance Theorem, a
is not contained in Zd(M). So, there exists an element x1 ∈ a such that x1 6∈ Zd(M). This proves the
case t = 1. Now, let t > 1 and the assertion be true for t − 1. By the above observation, a contains an
element x1 which is a non-zerodivisor on M . Considering the exact sequence
Hja(M)→ H
j
a(M/x1M)→ H
j+1
a (M),
for all j ∈ N0, we obtain H
j
a(M/x1M) = 0 for all j < t − 1. Now, by inductive hypothesis, there is a
regular M/x1M -sequence x2, x3, · · · , xt such that xj ∈ a for all j = 2, 3, · · · , t. Therefore x1, x2, · · · , xt
is a regular M -sequence. 
It is known that if Hia(M) = 0 for all a ∈ W˜ (I, J), then H
i
I,J(M) = 0 [17, Theorem 3.2]. In the
following we show that the converse of this result is true too, in some situation.
Corollary 3.5. HiI,J(M) = 0 for all i < t, if and only if H
i
a(M) = 0 for any a ∈ W˜ (I, J) and all i < t.
Proof. The assertion follows easily from Theorem 3.4 (iv) and [17, Theorem 3.2]. 
Corollary 3.6. Let M be a finite R-module such that HiI,J(M) = 0 for all i < t. If H
t
I,J(M) is finite,
then a ⊆
√
(0 : Hta(M)) for any a ∈ W˜ (I, J).
Proof. The assertion follows easily from Theorem 3.4 (iii). 
Corollary 3.7. Let M be a finite R-module and a ∈ W˜ (I, J). Let HiI,J(M) = 0 for all i < t. If
a ⊆
√
(0 : HtI,J(M)), then a ⊆
√
(0 : Hta(M)), and so H
t
a(M) is finite.
Proof. The assertion follows easily from Theorem 3.4 (iii) and [8, Proposition 9.1.2]. 
Corollary 3.8. Let HiI,J(M) = 0 for all i < t. Then for any a ∈ W˜ (I, J) and any b ∈ W˜ (I, 0), we have
(i) HomR
(
R/I,Hta,J(M)
)
⊆ ExttR
(
R/I,M
)
.
(ii) ΓI
(
Hta,J(M)
)
⊆ HtI(M).
(iii) HomR
(
R/b,HtI(M)
)
∼= ExttR
(
R/b,M
)
.
(iv) ExttR
(
R/b,M
)
⊆ ExttR
(
R/Im,M
)
for some m ∈ N. In particular, when b ⊇ I the result holds
for all m ∈ N, and so ExttR
(
R/b,M
)
⊆ HtI(M).
(v) Γb
(
HtI(M)
)
∼= Htb(M), and so H
t
b(M) ⊆ H
t
I(M) and Ass
(
Htb(M)
)
= Ass
(
HtI(M)
)
∩ V(b).
Proof. (i) By Theorem 3.4 (iii),
(
0 :Ht
a,J
(M) I
)
⊆
(
0 :Ht
I,J
(M) I
)
. Now, again apply Theorem 3.4 (i) to
a = I.
(ii) Use part (i).
(iii) Apply Propositions 2.1 and 2.2 for G(−) = ΓI(−) and S = 0.
(iv) Let m ∈ N be such that Im ⊆ b. Then since
(
0 :Ht
I,J
(M) b
)
⊆
(
0 :Ht
I,J
(M) I
m
)
, the assertion
follows from Theorem 3.4 (i).
(v) It is clear by (iii), since bn ∈ W˜ (I, 0) for all n ∈ N.

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Next, as an application of the above results, we obtain finiteness result for HtI,J(M) in Corollary 3.13.
To achieve this result, we need the following proposition which easily can be proved by the same method
of [3, Lemma 3.1] for an arbitrary Serre subcategory S.
Proposition 3.9. Let a be an ideal of R. Then aM ∈ S if and only if M/(0 :M a) ∈ S.
Corollary 3.10. Let a ∈ W˜ (I, J) be such that ExttR(R/a,M) and Ext
n−j
R
(
R/a,HjI,J(M)
)
belong to S
for n = t, t+1, and all j < t. Then HtI,J(M) ∈ S if and only if aH
t
I,J(M) ∈ S. In particular for a = I.
Proof. (⇒) It is obvious.
(⇐) The assertion follows from Proposition 3.9, Corollary 2.3 and the short exact sequence
0→ (0 :Ht
I,J
(M) a)→ H
t
I,J(M)→ H
t
I,J(M)/(0 :HtI,J (M) a)→ 0.

Corollary 3.11. Let a ∈ W˜ (I, J) be such that ExttR(R/a,M) and Ext
n−j
R
(
R/a,HjI,J(M)
)
are finite for
n = t, t+ 1, and all j < t. Then HtI,J(M) is finite if and only if aH
t
I,J(M) is finite.
Proof. Apply Corollary 3.10 to the class of finite R-modules. 
Corollary 3.12. Let M be a finite R-module. Let s = inf {i ≥ 0 | HiI,J(M) is not finite}. Then
anHsI,J(M) is not finite for any a ∈ W˜ (I, J) and all n ∈ N0, and so a
nHsI,J(M) 6= 0.
Proof. Let a ∈ W˜ (I, J) and n ∈ N0. Since an ∈ W˜ (I, J) and H
i
I,J(M) is finite, for all i < s, so the
assertion follows from Corollary 3.11. 
Corollary 3.13. Let M be a finite R-module and HiI,J(M) be finite for all i < t. If there exists a ∈
W˜ (I, J) such that a ⊆
√
(0 : HtI,J(M)), then H
t
I,J(M) is finite.
Proof. Assume that HtI,J(M) is not finite. So, we get t = inf {i ≥ 0 | H
i
I,J(M) is not finite}. Now,
by using Corollary 3.12, we get anHtI,J(M) 6= 0 for all n ∈ N0, which is a contradiction with a ⊆√
(0 : HtI,J(M)). 
In local case, it is shown that the local cohomology with respect to the maximal ideal of R is concerned
with the local cohomology with respect to an ideal generated by any filter regular sequence. (See [14,
Lemma 3.4]). In Theorem 3.14, as a final result of this section, we obtain this in a Noetherian (not
necessary local) ring for a k-regular M -sequence (k ≥ −1).
For a subset T of Spec(R) and an integer i ≥ −1, we set
(T )>i := {p ∈ T | dim(R/p) > i},
(T )≤i := {p ∈ T | dim(R/p) ≤ i}.
Recall that, for an integer k ≥ −1, a sequence a1, . . . , an of elements of R is called a poor k-regular
M -sequence whenever ai /∈ p for all
p ∈
(
Ass(M/
i−1∑
j=1
ajM)
)
>k
and all i = 1, . . . , n. Moreover, if dim(M/
∑n
i=1 aiM) > k, then a1, . . . , an is called a k-regular M -
sequence. It easy to see that, any poor k-regular M -sequence is a poor (k + 1)-regular M -sequence and
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for an ideal I of R if
(
Supp(M/IM)
)
>k+1
6= φ, then any k-regular M -sequence in I is a (k + 1)-regular
M -sequence in I. ( To verify for various k, see [5], [13], [16], [4], [15], and [7]).
Theorem 3.14. Let a1, a2, . . . , an be a k-regular M -sequence in I and set a := (a1, . . . , an). If((
Supp(M) ∩ W(a, J)
)
rW(I, J)
)
≤k
= ∅, then HiI,J(M)
∼= Hia,J(M) for all i < n. In particular
for J = 0.
Proof. Let
0−→E0
d0
−→E1
d1
−→ · · · −→ Ei
di
−→ · · ·
be a minimal injective resolution for M . For all i ∈ N0 we have
Ei =
⊕
p∈Supp(M)
µi(p,M)E(R/p)
in which µi(p,M) is the i − th Bass number of M at the prime ideal p of R. Let i < n and p ∈(
Supp(M) ∩W(a, J)
)
>k
. By [5, Theorem 2.3 (ii)], since a1/1, . . . , an/1 is a regularMp-sequence, we have
(1) µi(p,M) = 0.
Now, by [17, Proposition 1.11], we have
(2) ΓI,J(E
i) =
⊕
p∈Supp(M)∩W(I,J)
µi(p,M)E(R/p).
for all i < n. Similarly, for the ideal a, we get
(3) Γa,J(E
i) =
⊕
p∈Supp(M)∩W(a,J)
µi(p,M)E(R/p),
for all i < n. On the other hand by [17, Proposition 1.6], W(I, J) ⊆ W(a, J). So that by (1), (2), (3)
and our assumption, we get
ΓI,J(E
i) = Γa,J(E
i),
for all i < n. It therefore follows that
HiI,J(M) = H
i
a,J(M),
for all i < n, as required. 
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